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The Fundamental Theorem of Calculus

Reca e two forms of the fundamental theorem of
calculus.

e The first form says that continuous f : [a,b] — R admits a
primitive: there exists F : (a,b) — R such that F/ =f on
(a,b).

¢ The second form says: if g is continuous on [a, b],
differentiable on (a,b), and g’ is continuous on [a, b], then

b
¢ =s)=s(@.
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Extension to R"

What happens if the functions are defined on an open
subset U of R""?

Iff:U— R? is continuous, does there exist a
continuously differentiable F': U — R such that

oF oF
I =159
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A necessary condition

If suc exists, then we must have
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A necessary condition

If suc exists, then we must have

0%F of 0%F of

aXanl - 8x2’ 8x18x2 - 8x1 ' (T)
e Therefore, a necessary condition is:
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Vector fields and potentials

The function f is called a vector field. If F satisfies (), it
is the potential (or primitive) of f, and f is said to be
conservative.

A necessary condition for conservativeness is ().
Question. Is the necessary condition also sufficient?

We will show that, in general, the answer is negative.
Under certain topological conditions on U, the necessary
condition becomes sufficient.




The counterexample

Let U = R?~.{(0,0)} and define f : U — R*:

—X2 X1 )
> 2 2, 2)
Xp+x5 Xp+x;

f(x1,x2) = (




Checking the necessary condition

Check that (%) is satisfied:
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Checking the necessary condition

OSog—iC‘z—

Check that (%) is satisfied:

%:x%—kx%—Zx% _ x5 —x2
dxi (G432 (xF+x3)%
% _ —x%—x%—l—Zx% _ x%—x%
dxvy (G432 (x+x3)?

9 g f conservative? We show it is not.
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Suppose there exists a contlnuously differentiable
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® Then
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f is not conservative

Suppose there exists a contlnuously differentiable
F:U— Rwith 95 —fl, E =h

® Then

2 g 21
/ —F(cos 0,sin0)d6 = F(cos 0, smG)
o dof
=F(1,0)— (1,0)20.

We evaluate the same integral using a different method and
arrive at a contradiction.
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The Chain Rule

Lemma (Chain Rule)

Suppose that ©® : R — R? and F : R> — R are differentiable
functions. Then

D(Fo®)(r) =DF(O(1)) DO(r), t€ER. )




Setting up the computation

Le = (cost,sint). For any (a,b) € R?:
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Setting up the computation

Le = (cost,sint). For any (a,b) € R?:
u JdF JF
DF(CI, b) {V:| = I/ta—XI(a, b) + Va—xz((l, b)

® Forany r € R:

—rsint

D@(t)r:[ 1, reR.
rcost

® Note: (i) fi (cos 0,sin8) = —sin 6 and (ii)
f>(cos6,sin0) = cos 6.




Applying the chain rule

D(Fo0®)(t) = DF(O(t)) DO(r)
= DF(cost,sint) {_ s t}
cost
= —sin t—F (cost,sint) + cos t—F (cost,sint)
8x1 ’ 8x2 ’
= —sintfj(cost,sint) 4+ costf>(cost,sint)

= sinzt—f—coszt: 1.




The contradiction

Since D(F o ®)(1) = %F(cos t,sint), it follows that
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Since D(F o ®)(1) = %F(cos t,sint), it follows that
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The contradiction

Since D(Fo®)(t) = %F(cos t,sint), it follows that

2 g 2n
/ —F(cost,sint)dt :/ ldt =2m.
0 dt 0

But we showed that this integral equals 0. Contradiction!

Therefore, although f satisfies (i), there is no F satisfying
(%). The vector field f is not conservative.
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Star-shaped domains

is the necessary condition for the existence of a
| also sufficient?

Definitio
A domain U C IR? is star shaped if there is a point xo € U such
that
{txo+(1—1t)x|t€0,1]} CU
forallx € U.
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The Poincaré Lemma

Theorem
Let U C R? be a star shaped open bounded set. Any

continuously twice differentiable function f : U — R satisfying
(%) has a potential F.
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WLOG, (0,0) € U and U is star shaped relative to (0,0).




Proof: the formula for F

WLOG, (0,0) € U and U is star shaped relative to (0,0).
Define F : U — R by:

1
F(Xl,XQ):/O (xlfl(txl,txz)+x2f2(tx1,tx2))dt.




Proof: the formula for F

WLOG, (0,0) € U and U is star shaped relative to (0,0).
Define F : U — R by:

1
F(xl,xz):/o (xlfl(txl,txz)+x2f2(tx1,tx2))dt.

. dF
Claim: — (x1,x2) =f1(x1,x2).

axl




Proof: differentiating f(tx,txy) w.r.t. x

of f(#x1,txp) as a composition:
T h
(xl,X2) — (txl,IXQ) —)f(txl,Z‘XQ).

The derivative of the linear map 7' is DT (xy,x;) = (; 0) :
t

By the chain rule applied to Ao 7"




Proof: differentiating f(tx,txy) w.r.t. x

of f(#x1,txp) as a composition:

T h
(Xl,xz) — (t.Xl,txz) —)f(txl,Z‘XQ).

o . : 0
The derivative of the linear map 7' is DT (xy,x;) = ((t) t) :

By the chain rule applied to 1o T

D(hoT)(x1,x2) = Dh(T (x1,x2) ) DT (x1,x2)
— (;—)z(txl,le), aah ([xl,DCz)) ((t) (z)

oh oh
= <t8_x1(txl’txZ)’ta_xz(txl’txz)>'

Thus, applying this formula to f;, we have

fl (txl,txz) = ta)’? (tx1,1x;), similarly, for f>.
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Thin f1 (Z‘X1 , Z‘XQ) as:

s (1, 100) 25 (11, 102).




Proof: computing d%fl (tx1,1x7)

Thin f1 (tx1 , Z‘XQ) as:

s (1, 100) 25 (11, 102).

We have D1(1) = [;Cl] . By the chain rule:
2

d d d
d—ffl(txl,txz) :xla—ﬁ(lxl,txz) +xza—?2(fx1,fx2)-




Proof: the product rule

Applying the product rule:

dit(tfl(txl,txz)) = fi(tx1,1x2)

af (lxl,t)C2).

0
h (tx1, txz)+txzax
2

L
+XI91




Proof: the final computation

entiating /' under the integral sign w.r.t. x;:
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entiating /' under the integral sign w.r.t. x;:
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Proof: the final computation

entiating /' under the integral sign w.r.t. x;:

oF ! ofi of>
a—x1 / {fl +IX1 = a +ixp=—— ax1 }df

[ +tx2(§le SLAN

(all functions evaluated at (x|, %x;))
By hypothesis, 5 af L — a—?l. Therefore:

oF 1 g 1
a—xl(xl,xz)=/0 d—t(lfl(lxl,lxz))dl:lfl(lxl,lxz)‘o=f1(x1,x2)~

A similar computation shows g—g(xl ,x2) =fo(x1,x2).



The other half of the FTC

What about the second form of the fundamental theorem?




The other half of the FTC

What about the second form of the fundamental theorem?

We must first discuss integration of functions on open sets
and curves in R,




Double integrals

Let U C [a,b] x [c,d] be open and connected. Let
Ax; = xip1 —X;, Ayj = yj41 —yj be determined by
partitions of [a,b] and [c,d].




Double integrals

Let U C [a,b] x [c,d] be open and connected. Let
Ax; = xiy1 —X;, Ayj = yj4+1 —yj be determined by
partitions of [a,b] and [c,d].

For continuous f on U, the integral of f/ over U is:

/fdxdy: lim Zfo,,yj Axi Nyj,
U

Ax,,Ay]—>Ol =

if the limit exists.
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Path integrals

Let — R? be continuously differentiable and
y:[0,1] — R? continuously differentiable with 7/ (¢) > 0
and JU =rany.

The path integral of F over 7 is:

/aUF:/OIF(t)«}/(t)dt.

A region U is called simple if dU is parametrized by a
continuously differentiable y : [a,b] — U tracing dU once
counterclockwise.




Green’s Theorem

If U is simple and F := (F|,F,) : UUJQU — R? is
continuously differentiable, then:

(27 _2m1) -
// a—xl—a—xz dxlde—/aUF.




Green’s Theorem

If U is simple and F := (F|,F,) : UUJQU — R? is
continuously differentiable, then:

(27 _2m1) -
/ a—m—a—xz dxldX2—/aUF.

This is the fundamental theorem of calculus for R?: the
integrand on the left is a “derivative” and [, F generalizes

b . 2
/. f to curves in R~
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Detecting holes: grad and curl

The task: find invariants for U to detect if it has a
hole.

Let C*(U,R¥) be the space of smooth functions. Define:
9_F]
8x1
9F |

curl : C°°(U,]R2) — C*(U,R), curl(f) = =— — =—.

grad: C*(U,R) — C*(U,R?), grad(F) =




Detecting holes: grad and curl

The task: find invariants for U to detect if it has a
hole.

Let C*(U,R¥) be the space of smooth functions. Define:

oF
grad: C*(U,R) — COO(U,RZ); grad(F) = %?] ,

a)cz

curl : C°°(U,]R2) — C*(U,R), curl(f) = =— — =—.

® It is easily verified that curlo grad = 0.




The de Rham complex

rlograd = 0, we have ker(curl) O Im(grad). The
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is a complex. The quotient
HY(U) := ker(curl) / Im(grad)

is, quite surprisingly, finite dimensional.
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The de Rham complex

rlograd = 0, we have ker(curl) O Im(grad). The

0} — c=(UR) & c=(U,R?) ™ c=(U,R) — {0}

is a complex. The quotient
HY(U) := ker(curl) / Im(grad)

is, quite surprisingly, finite dimensional.
e If U is star shaped, then H'(U) = {0}.
o If U=R>~{(0,0)}, then H'(U) # {0}.




Thank You!




